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Three Categorization Models

Consider one prototype model and two exemplar models. All models assume the probabil-
ity of deciding that the ith stimulus Si belongs to category CK , p(CK |Si, θ) is multinomial,
with probabilities proportional to the similarity of stimulus Si to category CK . Stimuli
are represented as points in an m-dimensional Minkowski space, and similarity decays
exponentially with distance. So,

sij = exp



−λ

(

m
∑

k=1

wk|xik − xjk|
r

) 1

r



 , (1)

where xik is the co-ordinate value of Si in dimension k. In this equation, wk denotes
the proportion of attention applied to the kth dimension, r determines the metric, and λ
denotes the steepness of the exponential decay, called the generalization gradient.

The prototype model (PRT; Reed, 1972) assumes that each category is represented
by a single prototype SK . Under this model,

p(CK |Si, θ) = siK

/

∑

J

siJ , (2)

where θ = (w1, . . . , wm−1, r, λ). It is generally assumed that the prototype behaves as if it
were a stimulus whose co-ordinate value on the kth dimension is equal to (1/n)

∑

j∈CK
xjk,

where n is the number of stimuli that belong to CK .
In the Generalized Context Model (GCM, Nosofsky, 1986), each category is repre-

sented by a set of stored exemplars. The total similarity between a stimulus and a cate-
gory is simply the summed similarity between the presented stimulus and the exemplars.
Hence,
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p(CK |Si, θ) =
∑

x∈CK

six

/

∑

J

∑

y∈CJ

siy . (3)

The original GCM has the same parameters as PRT. GCM-γ has an extra parameter,
since it assumes that the summed similarities are raised to some power γ, yielding,

p(CK |Si, θ) =





∑

x∈CK

six





γ /
∑

J





∑

y∈CJ

siy





γ

. (4)

Geometric Complexity

The geometric complexity of a model (Balasubramanian 1997, Myung, Balasubramanian
& Pitt 2000) is given by,

G =
k

2
ln
(

N

2π

)

+ ln
∫

Θ

√

det I(θ) dθ, (5)

where k denotes the number of parameters in the model, N is the sample size of the
data set, and Θ denotes some parameter bounds. In this expression I(θ) is the Fisher
information matrix of sample size one, whose uvth element is given by the expected value
of the second partial derivatives of the negative log-likelihood,

Iuv(θ) = −E

[

∂2 ln f(X|θ)

∂θu∂θv

]

, (6)

where f(X|θ) is the likelihood function for the data set X. In this expression θu and θv

correspond to the uth and vth model parameters (u may equal v). Since PRT, GCM and
GCM-γ are all multinomial, a standard result (e.g., Schervish 1995, p110-115; Su, Myung
& Pitt, in press) allows the uvth element of the Fisher information matrix to be written

Iuv(θ) =
∑

Si

∑

CK

1

p(CK |Si, θ)

∂p(CK |Si, θ)

∂θu

∂p(CK |Si, θ)

∂θv
.

As a result, all we need are the partial derivatives of p(CK |Si, θ) with respect to each
of the model parameters (see below). Once I(θ) can be calculated, all that is needed is

the integration
√

det I(θ) over the parameter space Θ. The integrals are not very high-
dimensional, so simple Monte Carlo methods suffice. We use the numerical approximation,

∫

Θ

√

det I(θ) dθ ≈
1

q

( q
∑

i=1

√

det I (θ(i))

)

× VΘ,

where VΘ denotes the volume of the parameter space, and the θ(i) values are q independent
samples from a uniform distribution over Θ.
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Partial Derivatives for PRT

For PRT, the chain rule yields the following form for the partial derivative with respect
to some parameter θu,

∂p(CK |Si, θ)

∂θu
=

(

∂siK

∂θu

)(

∑

J

siJ

)

− siK

(

∑

J

∂siJ

∂θu

)

(

∑

J

siJ

)2 .

However, the partial derivatives of similarity differ for each parameter, and are given by,

∂siJ

∂θu

=



























siJ .(−λ/r).T
(1−r)/r
iJ . (|xik − xJk|

r − |xim − xJm|
r) if θu ≡ wk

siJ . ln siJ .
(

− 1
r2 . ln TiJ +

∑m−1

t=1
wt|xit−xJt|

r ln |xit−xJt|

rTiJ

)

if θu ≡ r

siJ .
(

−T
(1−r)/r
iJ

)

if θu ≡ λ

,

where

TiJ =
m−1
∑

t=1

wt|xit − xJt|
r.

Partial Derivatives for GCM

For the GCM, application of the chain rule yields,

∂p(CK |Si, θ)

∂θu
=





∑

z∈CK

∂siz

∂θu









∑

J

∑

y∈CJ

siy



−





∑

z∈CK

siz









∑

J

∑

y∈CJ

∂siy

∂θu









∑

J

∑

y∈CJ

siy





2 .

In this case the partial derivatives of the similarity are,

∂sij

∂θu
=



























sij.(−λ/r).T
(1−r)/r
ij . (|xik − xjk|

r − |xim − xjm|
r) if θu ≡ wk

sij. ln sij.
(

− 1
r2 . lnTij +

∑m−1

t=1
wt|xit−xjt|r ln |xit−xjt|

rTij

)

if θu ≡ r

sij.
(

−T
(1−r)/r
ij

)

if θu ≡ λ

,

where

Tij =
m−1
∑

t=1

wt|xit − xjt|
r.

(The derivation of GCM partial derivatives was originally provided by Yong Su).
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Partial Derivatives for GCM-γ

GCM-γ has the extra scaling parameter. In this case, the partial derivatives are:

∂p(CK |Si, θ)

∂θu
=











A−B
E

if θu ≡ γ

C−D
E

otherwise

where

A =





∑

z∈CK

siz





γ 

ln





∑

z∈CK

siz









∑

J





∑

y∈CJ

siy





γ

B =





∑

z∈CK

siz





γ
∑

J





∑

y∈CJ

siy





γ

ln





∑

y∈CJ

siy





C = γ





∑

z∈CK

siz





γ−1



∑

z∈CK

∂siz

∂θu





∑

J





∑

y∈CJ

siy





γ

D = γ





∑

z∈CK

siz





γ
∑

J





∑

y∈CJ

siy





γ−1



∑

y∈J

∂siy

∂θu





E =





∑

J





∑

y∈CJ

siy





γ



2

.

Note that sij does not depend on γ, and that its partial derivative with respect to γ never

appears in the above expression. Correspondingly, the formulas for ∂sij

∂θu
are identical to

those used in the regular GCM.
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