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Abstract

Higher order matrix (tensor) decomp ositions, are in frequen t use to da y in a v ariet y of �elds in-

cluding psyc hometric, c hemometrics, image analysis, graph analysis and signal pro cessing. F or

these higher order data the t w o most commonly used decomp ositions are the P ARAF A C (also

kno wn as CANDECOMP) and the T uc k er mo del. Often the data analyzed is non-negativ e and

with go o d reason the comp onen ts can also b e assumed non-negativ e and their in teractions addi-

tiv e. While the T uc k er decomp osition has b een dominated b y algorithms suc h as the Higher Order

Singular V alue Decomp osition (HOSVD) the use of existing algorithms for non-negativ e T uc k er

decomp ositions has b een limited since these decomp osition do es not in general yield unique de-

comp ositions. Presen tly , w e extend the approac h of Non-negativ e Matrix F actorization (NMF) to

form algorithms for non-negativ e T uc k er decomp osition. Namely , a Higher Order NMF (HONMF).

T o impro v e uniqueness of the decomp ositions w e dev elop up dates that can imp ose sparseness in

an y com bination of mo dalities. The algorithms for HONMF are tested on syn thetic as w ell as real

data rev ealing ho w sparseness indeed signi�can tly impro v es uniqueness of the decomp osition while

also b eing useful for mo del selection.

Keyw ords: T uc k er decomp osition, Higher Order Non-negativ e Matrix F actorization (HONMF),

Sparse Co ding, P ARAF A C, HOSVD.
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1. In tro duction

Higher order tensor decomp ositions are in frequen t use to da y in a v ariet y of �elds including psyc ho-

metric, c hemometrics, image analysis, graph analysis and signal pro cessing K olda (2006). T ensors

also called m ultidimensional matrices or m ulti-w a y arra ys are higher order generalizations of v ec-

tors (�rst order tensors) and matrices (second order tensors), i.e. X 2 C

I

1

� I

2

� ::: � I

N

. The t w o

most commonly used decomp ositions of higher order tensors are the P ARAF A C (also kno wn as

CANDECOMP) Carroll and Chang (1970)Harshman (1970) and the T uc k er mo del T uc k er (1966).

The T uc k er mo del is giv en as the decomp osition
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the mo del can also b e stated as

X � L = G �

1

A
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�
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N
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( N )

Consequen tly , in the T uc k er mo del the n

th

mo dalit y is spanned b y the v ectors giv en b y the columns

of A

( n )

while the v ectors of eac h mo dalit y in teract with the strength giv en b y the core tensor G

to reconstruct the data. As a result, the T uc k er mo del accoun t for all p ossible linear in teraction

across the v ectors of the v arious mo dalities. The P ARAF A C mo del is a sp ecial case of the T uc k er

mo del where the size of eac h mo dalit y of the core arra y G is the same, i.e. J

1

= J

2

= ::: = J

N

while

the only in teraction are b et w een columns of same indices suc h that the only non-zero elemen ts are

along the h yp er-diagonal, i.e. G
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6= 0 i� j
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= j
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. Th us, the T uc k er mo del is

less restricted than the P ARAF A C mo del. As a result, the T uc k er mo del is not as the P ARAF A C

mo del in general unique Krusk al (1977); Sidirop oulos and Bro (2000) since a rotation of A

( n )

can

b e comp ensated b y a coun ter rotation of the core G , i.e. G �

n

A

( n )

= ( G �

n

P

� 1

) �

n

( A

( n )

P ) . In

the follo wing X

a

b

will denote a tensor of the mo dalities a con taining data of t yp e b .

Lately , the T uc k er mo del has among others b een applied to

� sp ectroscop y data (Smilde et al. (2004); Andersson and Bro (1998) for instance X

B atch number � T ime � S pectr a

S tr eng th

Gurden et al. (2001); Nørgaard and Ridder (1994); Smilde et al. (1999))

� w eb mining ( X

U ser s � Quer ies � W ep pag es

C lick counts

Sun et al. (2005))

� image analysis ( X

P eople � V iew s � I lluminations � E xpr essions � P ixels

I mag e intensity

V asilescu and T erzop oulos (2002);

W ang and Ah uja (2003); Jia and Gong (2005) X

C lass � D ig its � P ixels

I mag e intensity

Sa v as and Eldén (submit-

ted))

� seman tic di�eren tial data ( X

J udg es � M usic pieces � S cales

Gr ade

Murak ami and Kro onen b erg (2003))

Common for all the data sets ab o v e is that they are all non-negativ e and the basis v ectors/pro jections

A

( n )

and in teractions G with go o d reason could ha v e b een assumed additiv e, i.e. non-negativ e.

Due to the h uge amoun t of data often presen t when dealing with tensors the e�cacy of the

algorithms used to estimate the T uc k er mo del is of outmost imp ortance Andersson and Bro (1998).

T raditionally the T uc k er mo del has b een estimated using v arious alternating least square algorithms

where the columns of A

( n )

most often are assumed orthogonal Andersson and Bro (1998). Recen tly ,

an e�cien t algorithm for higher order singular v alue decomp osition (HOSVD) based on solving N

eigen v alue problems to estimate the T uc k er mo del has b een in tro duced Lathau w er et al. (2000). F or
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the ab o v e men tioned data sets HOSVD w as the most commonly used. Although algorithms for non-

negativ e T uc k er decomp ositions exist Bro and Andersson (2000) the decomp ositions are con trary

to HOSVD not in general unique. Consequen tly , the lac k of uniqueness hamp ers in terpretabilit y of

p oten tially non-negativ e decomp ositions. F or this reason the existing non-negativ e T uc k er decom-

p ositions ha v e b een unattractiv e. Presen tly , w e will dev elop e�cien t algorithms for non-negativ e

T uc k er decomp ositions based on easy implemen table m ultiplicativ e up dates, i.e. a higher order

non-negativ e matrix factorization (HONMF) based on the approac h of non negativ e matrix factor-

ization (NMF) Lee and Seung (2000). T o ac hiev e unique decomp ositions w e will incorp orate sparsit y

constrain ts to the HONMF as suggested for NMF b y Eggert and K orner (2004).

The pap er is structured as follo ws: First the algorithms for HONMF will b e deriv ed including

up dates for sparsit y constrain ts. Next, the algorithms abilities to iden tify the comp onen ts of a

syn thetically generated data set will b e demonstrated. Finally , the algorithm will b e tested on a

data set of w a v elet transformed EEG-data previously explored b y the P ARAF A C mo del Mørup et al.

(2006) and data obtained from a �o w injection analysis Nørgaard and Ridder (1994); Smilde et al.

(1999). The uniqueness of the decomp ositions of these data will b e ev aluated. Since the HOSVD

recen tly has b een the metho d the most emplo y ed, the curren t sparse HONMF will b e con trasted to

this algorithm. The existing algorithms for non-negativ e T uc k er decomp ositions Bro and Andersson

(2000); Bro and Jong (1997) giv e decomp ositions similar to the unconstrained HONMF based on

LS.

2. Metho d

Lee and Seung ga v e t w o algorithms for (NMF) Lee and Seung (2000). They further sho w ed ho w

non-negativ e decomp ositions con trary to PCA/SVD giv e a part based represen tation Lee and Seung

(1999). Recen tly , NMF has b een extended to the P ARAF A C decomp ositions FitzGerald et al.

(2005); P arry and Essa (2006); W elling and W eb er (2001); Mørup et al. (2006). Ho w ev er, to our

kno wledge no previous w ork has adapted the NMF approac h to the T uc k er mo del.

Consider the non-negativ e matrix factorization (NMF) problem Lee and Seung (2000):

V � � = WH

where V 2 R

I � J

, W 2 R

I � D

, and H 2 R

D � J

are non-negativ e. Lee and Seung (2000) devised t w o

algorithms to �nd W and H : F or the least square error (LS) and the Kullbac k-Leibler div ergence

(KL) they pro v ed that the recursiv e up dates giv en at the top of T able 1 con v erge to a lo cal minim um.

These algorithms can b e deriv ed b y minimizing the cost function using a gradien t based searc h with

step sizes appropriately c hosen to giv e m ultiplicativ e up dates.

Ho w ev er, the NMF decomp osition is apart from trivial p erm utation and scaling not in general

unique Donoho and Sto dden (2003). If the data do es not adequately span the p ositiv e orthan t a

rotation of the solution is p ossible violating uniqueness. Consequen tly , constrain ts in the form of

sparseness has pro v en useful Ho y er (2002, 2004); Eggert and K orner (2004). Eggert and K orner

(2004) deriv ed an e�cien t algorithm for Sparse NMF based on m ultiplicativ e up dates b y p enalizing

v alues in H b y a function C

spar se

( H ) while k eeping W normalized suc h that the sparsit y is not

ac hiev ed b y simply letting H go to zero while W go es to in�nit y . Making the reconstruction in v arian t

of this normalization, i.e.

e

� =

f

W H where

f

W

i;d

=
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p

P

i

W

i;d
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W

i;d

k W

d

k

2

they found the m ultiplicativ e

up dates for the LS-algorithm further adapted to the KL algorithm Mørup and Sc hmidt (2005) giv en

at the b ottom of T able 1.

In the follo wing w e will consider the T uc k er mo del under non-negativit y constrain t, i.e X , G and

A

( n )

are all non-negativ e. By turning 'matrizicing' X

I
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in to a matrix, i.e. X
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the T uc k er mo del can b e expressed in matrix notation as
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T able 1: The NMF up dates (top) and Sparse NMF up dates (b ottom) giv en for LS in left column

and KL in righ t column. C

spar se

( H ) is the function used to p enalize the elemen ts in H . In

the follo wing analysis w e'll use C

spar se

( H ) = k H k

1

. Consequen tly

@ C

spar se

( H )

@ H

= 1 . A � B

and

A

B

denotes elemen t-wise m ultiplication and division resp ectiv ely while
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( n )
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( N )
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 A

( n � 1)


 ::: 
 A

(1)

)

T

. As a result, the up dates of eac h of

the factors A

( n )

follo ws straigh t forw ard from the regular NMF up dates b y exc hanging W with A

and H with Z in the W up date.

By lexicographical indexing of the elemen ts in X and G , i.e. v ec ( X ) and v ec ( G ) also the problem

of �nding the core G can b e form ulated in the framew ork of factor analysis K olda (2006):

v ec ( X ) � v ec ( L ) = A v ec ( G )

Where A = A

(1)


 A

(2)


 ::: 
 A

( N )

. Consequen tly , also the up date of G follo ws b y the regular

NMF up dates exc hanging W with A and H with v ec ( G ) in the H up date. Finally , this up date can

b e expressed in terms of the n-mo de m ultiplication since

A

T
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The algorithms for HONMF are summarized in T able 2. Here diag ( v ) is a matrix ha ving the v ector

v along the diagonal while 1 and T is a matrix and a tensor ha ving ones in all indices.

A ccording to the Sparse NMF some mo dalities can b e k ept sparse while the rest are normalized.

Consequen tly , eac h or some of the A

( n )

can b e constrained sparse and/or G , while re-normalizing the

core and/or the other A

( n )

. As a result sparseness can b e imp osed on an y com bination of mo dalities

including the core while normalizing the remaining mo dalities. In T able 2 the up dates are giv en

when sparsifying or normalizing a giv en mo dalit y . Here kG k

F
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is the regular F rob enious norm for matrices and tensors resp ectiv ely as de�ned in K olda (2006) while
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. When normalizing eac h of the up dated A
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's should b e normalized

after b eing up dated, i.e.

e

A

i

n

;d

=

A

i

n

;d

k A

d

k

F

while the core normalized b y

e

G =

G

kG k

F

.

Notice,

C

LS

( X

(1)

; �

(1)

) = C

LS

( X

(2)

; �

(2)

) = ::: = C

LS

( X

( N )

; �

( N )

) = C

LS

( v ec X ; A v ec ( G ))

C

K L

( X

(1)

; �

(1)

) = C

K L

( X

(2)

; �

(2)

) = ::: = C

K L

( X

( N )

; �

( N )

) = C

K L

( v ec X ; A v ec ( G )) :

Consequen tly eac h of the up dates ab o v e minimizes the same cost function. As a result, the con v er-

gence of the algorithms for HONMF without sparseness follo w straigh t forw ard from the con v ergence
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HONMF based on Least squares
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HONMF based on KL-div ergence

1. Initialize all A
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and the core arra y G

randomly .
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criterion has b een satis�ed.

T able 2: Algorithms for HONMF based on LS and KL minimization.
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T able 3: Up dates when normalizing or imp osing sparseness on the v arious mo dalities
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of the regular NMF up dates giv en in Lee and Seung (2000) since the estimation w as form ulated as a

series of regular factor analysis problems minimizing the same cost function. Ho w ev er, the up dates

including sparseness has not y et b een pro v ed for regular NMF. Eggert and K orner (2004) and Mørup

and Sc hmidt (2005) conjectured resp ectiv ely the sparse LS and KL algorithms to b e con v ergen t. Al-

though extensiv ely tested w e also nev er exp erienced an y div ergence of the up dates ab o v e including

sparseness.

The presen tly dev elop ed algorithms for HONMF are attractiv e for sev eral reasons.

� The dev elop ed algorithms can yield unique non-negativ e decomp osition b y �nding the sparsest

represen tation of an y com bination of mo dalities.

� Often the tensor data has a lot of elemen ts b eing zero Sun et al. (2005). Since the NMF

up dates are v ery tractable (i.e. no need for matrix in v ersion or eigen v alue decomp ositions) the

algorithms are easily adapted to consider only the non-zero elemen ts in X .

� Con trary to the HOSVD structure can b e forced in to the mo del forming a sup ervised algorithm.

F or instance the core or some of the core elemen ts can b e �xed to force kno wn in teractions

in to the mo del.

� Eac h iteration of the HONMF is O ( I

1

I

2

� ::: � I

N

J

1

J

2

� ::: � J

N

) i.e. gro ws linearly with the

pro duct of the size of X and G making the cost p er iteration relativ ely c heap compared to

existing algorithms for non-negativ e T uc k er decomp osition requiring an iterativ e c hec k of the

violation of non-negativit y Bro and Andersson (2000); Bro and Jong (1997).

� Con trary to HOSVD the v ectors across mo dalities in teract in the estimation pro cess. As a

result, omitting v ectors will c hange the existing v ectors to accoun t for more of the data.

� The NMF is kno wn to cluster the data rather than pro jecting the data on to the dimensions ac-

coun ting for most v ariance Lee and Seung (1999). This in man y situations impro v es comp onen t

in terpretabilit y .

Needless to sa y , the algorithms only w orks when data are non-negativ e and the comp onen ts and

in teractions are considered purely additiv e. A dmittedly , NMF is kno wn to su�er from slo w con v er-

gence Salakh utdino v et al. (2003). Consequen tly , the o v erall sp eed of the HONMF algorithm is not

b etter than the existing non-unique algorithms.

3. Results

The algorithms w ere tested on a syn thetic data set consisting of 5 images of logical op erators mixed

through t w o mo dalities. The �v e images forming the third mo dalit y along with the mixing matrices

of the t w o �rst mo dalities w ere created suc h that no rotational am biguit y w as presen t b et w een the

factors and the Core. The Core w as generated b y unif or m (0 ; 1) random n um b ers. The result of

the decomp osition of the syn thetic data can b e seen in Figure 1

The algorithms w ere also tested on a data set con taining the in ter trial phase coherence (ITPC)

obtained from w a v elet transformed electro encephalographic (EEG) data. This data set has pre-

viously b een analyzed using P ARAF A C and a detailed description of the data set can b e found

in Mørup et al. (2006). Brie�y stated it consist of 14 sub ject recorded during a proprio cep-

tiv e stim uli consisting of a w eigh t c hange of righ t hand during o dd trials and left hand during

ev en trials giving a total of 14 � 2 = 28 trials. Consequen tly , the data has the follo wing form

X

C hannel � T ime � F r eq uency � T r ials

I T P C v alue

. The results of a T uc k er 3-3-3 mo del can b e seen on Figure 2 while

an ev aluation of the uniqueness of the decomp ositions is giv en in T able 4

Finally , the algorithms w ere tested on a data set of X

S pectr a � T ime � B atch

S tr eng th

obtained from a �o w

injection analysis (FIA) system, see Nørgaard and Ridder (1994); Smilde et al. (1999). The data set
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Figure 1: Examples of results obtained when analyzing the syn thetic data. Leftmost panel: The

true comp onen ts forming the syn thethic data. Middle left panel: Comp onen ts obtained

b y the HONMF algorithm based on LS ( � = 0 range of data [0;380]). Middle righ t panel:

Comp onen ts obtained b y the HONMF algorithm based on KL. Righ tmost panel: Comp o-

nen ts obtained b y HONMF based on KL with sparseness on the three factor mo dalities

( � = 1 ). All decomp ositions accoun ts for more than 99.99% of the v ariance. While the LS

algorithm almost p erfectly iden ti�es all comp onen ts the KL algorithm has problems iden-

tifying the comp onen ts of mo dalit y 2 ho w ev er, imp osing sparseness the algorithm b etter

iden ti�es the comp onen ts.

Figure 2: Analysis of the ITPC data of EEG consisting of 14 sub jects undergoing w eigh t c hange of

righ t hand during o dd trials and left hand during ev en trials. Leftmost panel: Example

of result obtained when analyzing the data using HONMF. Middle left panel: Result

when imp osing sparseness on the core ( � = 1 , range of data [0;0.4]). Middle righ t panel:

The results obtained from the P ARAF A C mo del corresp onding to a �xed Core ha ving

ones along the sup er diagonal. Righ tmost panel: The results obtained using HOSVD.

Clearly , the HONMF mo del approac hes the P ARAF A C mo del as sparseness is imp osed

on the Core. While the HONMF accoun ts for 49.3 % of the v ariance the sparse HONMF

accoun ts for 49.11 % of the v ariance whereas the P ARAF A C mo del accoun ts for 48.9 %

of the v ariance.Finally , the HOSVD accoun ts for 58.9 % of the v ariance.
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� 0 1 10 100

LS

Channel :

F 1 : 0 : 7416 � 0 : 2990

(0 : 3743 � 0 : 1352)

F 2 : 0 : 8453 � 0 : 1032

(0 : 3328 � 0 : 0897)

F 3 : 0 : 8401 � 0 : 0945

(0 : 3976 � 0 : 0814)

Time � Frequency :

F 1 : 0 : 8906 � 0 : 1937

(0 : 3175 � 0 : 0867)

F 2 : 0 : 9317 � 0 : 0716

(0 : 3077 � 0 : 0674)

F 3 : 0 : 9313 � 0 : 0729

(0 : 3126 � 0 : 0851)

T rials :

F 1 : 0 : 9268 � 0 : 0910

(0 : 4050 � 0 : 1131)

F 2 : 0 : 9538 � 0 : 0480

(0 : 4055 � 0 : 1215)

F 3 : 0 : 8661 � 0 : 1609

(0 : 4835 � 0 : 0965)

Core :

0 : 7420 � 0 : 1048

(0 : 2853 � 0 : 1776)

Explained v ariance :

0 : 4912 � 0 : 0027

Channel :

F 1 : 0 : 9464 � 0 : 0471

(0 : 3427 � 0 : 0949)

F 2 : 0 : 9492 � 0 : 0541

(0 : 3932 � 0 : 1072)

F 3 : 0 : 9595 � 0 : 0381

(0 : 3660 � 0 : 1116)

Time � Frequency :

F 1 : 0 : 9753 � 0 : 0212

(0 : 3111 � 0 : 0378)

F 2 : 0 : 9258 � 0 : 1254

(0 : 3108 � 0 : 0378)

F 3 : 0 : 9368 � 0 : 1312

(0 : 3277 � 0 : 0484)

T rials :

F 1 : 0 : 9657 � 0 : 0222

(0 : 3465 � 0 : 1702)

F 2 : 0 : 9585 � 0 : 1485

(0 : 4852 � 0 : 0674)

F 3 : 0 : 9664 � 0 : 1161

(0 : 4620 � 0 : 0674)

Core :

0 : 9139 � 0 : 0383

(0 : 2793 � 0 : 1244)

Explained v ariance :

0 : 4909 � 0 : 0017

Channel :

F 1 : 1 : 000 � 0 : 000

(0 : 3813 � 0 : 1400)

F 2 : 1 : 000 � 0 : 000

(0 : 3636 � 0 : 1631)

F 3 : 1 : 000 � 0 : 000

(0 : 3417 � 0 : 1072)

Time � Frequency :

F 1 : 1 : 000 � 0 : 000

(0 : 2812 � 0 : 0380)

F 2 : 1 : 000 � 0 : 000

(0 : 3259 � 0 : 0661)

F 3 : 1 : 000 � 0 : 000

(0 : 3329 � 0 : 0555)

T rials :

F 1 : 1 : 000 � 0 : 000

(0 : 4268 � 0 : 1402)

F 2 : 1 : 000 � 0 : 000

(0 : 3897 � 0 : 1815)

F 3 : 1 : 000 � 0 : 000

(0 : 3947 � 0 : 1375)

Core :

0 : 6963 � 0 : 3535

(0 : 3473 � 0 : 1470)

Explained v ariance :

0 : 3695 � 0 : 0000

Channel :

F 1 : 1 : 000 � 0 : 000

(0 : 3428 � 0 : 1195)

F 2 : 1 : 000 � 3 : 4700 : 000

(0 : 3657 � 0 : 1406)

F 3 : 1 : 000 � 3 : 3870 : 000

(0 : 3914 � 0 : 1305)

Time � Frequency :

F 1 : 1 : 000 � 0 : 000

(0 : 3327 � 0 : 0398)

F 2 : 1 : 000 � 0 : 000

(0 : 3288 � 0 : 0417)

F 3 : 1 : 000 � 0 : 000

(0 : 2935 � 0 : 0210)

T rials :

F 1 : 1 : 000 � 0 : 000

(0 : 3681 � 0 : 0972)

F 2 : 1 : 000 � 0 : 000

(0 : 4116 � 0 : 1434)

F 3 : 1 : 000 � 0 : 000

(0 : 4507 � 0 : 1347)

Core :

0 : 3561 � 0 : 1493

(0 : 3094 � 0 : 1141)

Explained v ariance :

� 0 : 2600 � 0 : 0000

T able 4: Mean correlation b et w een the factors of 10 runs with sparseness imp osed on the core arra y

ranging from 0 to 100 here giv en for LS. In paren thesis are the correlations obtained b y ran-

dom (estimated b y p erm utating the indices of the factors and calculating their correlation).

Clearly imp osing sparseness impro v es uniqueness (correlation b et w een eac h decomp osition)

ho w ev er if the sparseness imp osed on the core is to o strong all factors b ecomes iden tical

only capturing the mean activit y while the core is arbitrary due to the iden tical factors).

The KL algortihm ga v e similar results.

Figure 3: The result obtained analyzing the FIA data b y a T uc k er 6-6-6 mo del based on LS with

sparsit y on the Core and mixing mo dalit y ( � = 0 : 5 ). 10 decomp ositions all resulted in

v ery consisten t results - mean correlation b et w een the v arious comp onen ts of eac h mo dalit y

0 : 9847 � 0 : 0396(0 : 4008 � 0 : 1736) . F urthermore, the estimated mixing w as correlated b y

0 : 9550 � 0 : 0648(0 : 3258 � 0 : 1863) to the true mixing. The 10 decomp ositions on a v erage

explained 0 : 9972 � 0 : 0007 of the v ariance.
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has b een analyzed through v arious sup ervised mo dels using among other the prior kno wledge of the

concen tration in eac h batc h Nørgaard and Ridder (1994); Smilde et al. (1999). Ho w ev er, presen tly

w e emplo y ed a sparse HONMF to see if this algorithm could capture the underlying structure in

the data unsup ervised. T o giv e an easy in terpretable mo del and impro v e uniqueness of the batc h

concen trations found sparseness w as imp osed on b oth the core and batc h mo dalit y ( � = 0 : 5 , range

of data [0;0.637]) The results of the sparse T uc k er 6-6-6 decomp osition is giv en in Figure 3

4. Discussion

F rom the HONMF decomp osition of the syn thetically generated data set it w as seen that the KL but

esp ecially LS captured w ell the true comp onen ts. Although the factors found sligh tly deviate from

the true factors esp ecially on mo dalit y 2 imp osing sparseness on the factors impro v ed the algorithms

abilit y to correctly iden tify the comp onen ts as rev ealed for the KL results.

In the analysis of the ITPC of EEG data, it w as seen in T able 4 that eac h unconstrained HONMF

decomp osition only w as correlated b y ab out 70-90%. Ho w ev er, when imp osing sparseness on the

core a more unique decomp osition w as ac hiev ed hence a correlation w ell ab o v e 90% b et w een the

comp onen ts of the F actors and Core of the 10 decomp ositions while only sligh tly a�ecting the

explained v ariance. Ho w ev er, b y increasing sparseness to o m uc h only the mean activit y w as captured

in all the comp onen ts. Consequen tly the factors w ere all p erfectly correlated to eac h other while

the core could b e arbitrarily c hosen as long as the sum of the core elemen ts remained the same.

It w as further seen that imp osing sparseness on the data made the decomp osition resem ble the

corresp onding P ARAF A C decomp osition. This indicates that the P ARAF A C decomp osition rather

than the full T uc k er mo del is a reasonable mo del to the data. Consequen tly , the T uc k er mo del

with sparsit y imp osed on the core can indicate w ether a P ARAF A C or a T uc k er mo del is the most

reasonable mo del to the data at hand. Although the HOSVD accoun ts for more v ariance since

cancellation of factors are allo w ed, the decomp osition is di�cult to in terpret. While the last factor

in the trial mo dalit y clearly di�eren tiates b et w een left and righ t side stim ulation and the second and

third scalp comp onen t di�eren tiates b et w een fron tal parietal and left righ t activit y the in terpretation

of the in teractions b et w een these comp onen ts are di�cult to resolv e from the complex pattern of

in teraction giv en b y the core. Consequen tly , although the HONMF mo del accoun ts for less v ariance

it is easier to in terpret since it clearly giv es a more part based decomp osition.

Finally , the analysis of the FIA data ga v e a v ery consisten t decomp osition. By imp osing sparse-

ness on the core and Batc h mo dalit y the mo del captured w ell the true concen trations in the batc h

as w ell as giving a sparse Core impro ving the in terpretatibilit y . Consequen tly , imp osing sparseness

could turn of unnecessary excess factors as w ell as capturing the true structure in the data unsu-

p ervised rather than resorting to sup ervised approac hes as previously done Nørgaard and Ridder

(1994); Smilde et al. (1999) presen tly capturing w ell the true concen trations in the batc hes.

A dmittedly , the presen t HONMF has t w o dra wbac k. The c hoices of � is not ob vious while to

some exten t impacting the decomp ositions found. F urthermore, NMF and therefore also HONMF is

kno wn to su�er from slo w con v ergence Salakh utdino v et al. (2003). Presen tly , the algorithmss w ere

accelerated as prop osed for NMF b y Salakh utdino v et al. (2003).

5. Conclusion

It is our strong b elief that the HONMF algorithms prop osed will b e useful in the analysis of a v ariet y

of higher order data. Presen tly , the HONMF ga v e a more easy in terpretable decomp osition than the

HOSVD. F urthermore, imp osing constrain ts of sparseness signi�can tly impro v ed the uniqueness of

the decomp osition as w ell as b eing a to ol for mo del selection.
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